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Abstract. In this note, we use an elementary argument to show that the ex- 
istence and unitarity of radiation fields implies asymptotic partition of energy 
for the corresponding wave equation. This argument establishes the equipar- 
tition of energy for the wave equation on scattering manifolds, asymptotically 
hyperbolic manifolds, asymptotically complex hyperbolic manifolds, and the 
Schwarzschild spacetime. It also establishes equipartition of energy for the 
energy-critical semilinear wave equation on R 3 . 

1. Introduction 

In this note, we use the radiation fields of Friedlander |Fri8 . Sa Barreto SB05, 
ISB05] , and Guillarmou and Sa Barreto IGSB08j to demonstrate the equipartition of 
energy in the context of geometric scattering theory. Our method also provides an 
alternate proof for equipartition of energy for the energy-critical semilinear wave 
equation on R 3 and a proof of the equipartition of energy on the Schwarzschild 
exterior. 

Asymptotic equipartition of energy for the wave equation on R n was first ob- 
served by Brodsky }Bro67j . whose proof relied on the Fourier transform. Using a 
Paley- Wiener theorem, Duffin |Duf70j showed equipartition of energy after a finite 
time for the wave equation on R 3 . The intervening decades have seen many proofs 
of equipartition of energy for equations of mathematical physics in many contexts. 
As there are too many to provide a comprehensive list, we list a few examples: Das- 
sios and Grillakis }DG83] showed asymptotic equipartition for the wave equation on 
an exterior domain, Vega and Visciglia |VV08j proved an integrated version of the 
statement for a class of critical semilinear wave equations on R", and Gang and Wc- 
instein |GW11] proved an equipartition of mass theorem for nonlinear Schrodinger 
and Gross-Pitaevskii equations. 

In the model setting, we consider an initial value problem of the form 

(1) (D 2 t -H)u = 

(u(0,z),d t u(0,z)) = (u (z),ui(z)). 

Here D = id and H is a time- independent Hamiltonian so that the initial value 
problem ([1]) has a conserved energy E. We suppose that the energy splits (in a 
time-dependent manner) into kinetic and potential energies Ex(t) and Ep(t), and 
that this decomposition extends to the level of energy densities ex and ep. For 
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the wave equation on R™, these energy densities are given by ex = ^\dtu\ 2 and 
ep = i|Vu| 2 and are given explicitly below in other contexts. 

In a more general Lorentzian setting, this splitting (and, indeed, conservation of 
energy) does not occur. In the example below of the Schwarzschild spacetime from 
general relativity, the splitting is possible because the spacetime is static, i.e., d t is 
a Killing vector field orthogonal to the Cauchy hypersurface. 

We consider the following geometric contexts: 

(1) Scattering manifolds (X, g) (in the sense of Melrose |Mel94j ) . with H = Ax, 
the Laplacian with positive spectrum, with 

&K = \d t u\ 2 , e P = \V g u\ 2 , 

(2) Asymptotically hyperbolic manifolds (X, g) (in the sense of Mazzeo-Melrose 

[MM87] ), with H = Ax — 4 restricted to the orthocomplement of the 
eigenfunctions in the pure point spectrum, with 

i 3 i2 iv7 i2 ( n — I) 2 I i2 

e K =\d t u\ , ep = \\/ g u\ \u\ , 

(3) asymptotically complex hyperbolic manifolds {X, g) (in the sense of Epstein- 
Melrose Mcndoza[EMM91|), with H = Ax — \ and again restricted to the 
orthocomplement of the eigenfunctions in the pure point spectrum, with 

e K = ^ \d t u\ 2 , e P = - \\7 g u\ 2 - ^- \u\ 2 , 

(4) the Schwarzschild spacetime (here the Killing vector field dt provides the 
splitting as well as conservation of energy), with 



1 / 2M\ a 1 / 2M\ 2 1 2 

eK = 2\ ~) 1 ' ep= 2 v ~J |9rU| +1 h- |V " M| ' 

(5) and the critical semilinear wave equation on R 3 , with H a nonlinear Hamil- 
tonian, and 

eK = ^\d t u\ 2 , e P = i |Vu| 2 + i |u| 6 
The main result of this note is the following theorem: 

Theorem 1. If u is a finite energy solution of the initial value problem ([T]) in one 
of the contexts above, then u exhibits asymptotic equipartition of energy, i.e., 

lim E K (t) - E P {t) = 0. 

t— >oo 

Here Exit) and Ep(t) are given by integrals of the kinetic and potential energy 
densities, respectively. 

One feature that the contexts above share is the existence and unitarity of radia- 
tion fields. Radiation fields are restrictions of (rescaled) solutions of wave equations 
to null infinity and have interpretations both as Lax-Phillips translation represen- 
tations of wave equations and as generalizations of the Radon transform. Heuris- 
tically, the statement that the radiation field is a unitary operator is a statement 
that all energy radiates to null infinity, i.e., a form of non-quantitative local energy 
decay. 
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We start by considering the model setting of the wave equation on K n : 

Ou= 
(u,d t u)\ t = = (<l>,ip). 

Suppose for now that <j) and ip are smooth and compactly supported. For x G (0, oo), 
9 £ S n_1 , and s G (— oo, oo), let us define a new function u + by 

v + (x, s, 9) = x ~u ( s + — , —9] . 

\ X X J 

(In other words, x — \z\ and s — t— \z\.) A relatively straightforward calculation 
shows that v + is smooth past x = and so we can define the forward radiation 
field 1Z+ by 

K+(<f>,il>)(8,0) =d s v+(0,s,9). 
Fricdlander |Fri80] observed that this radiation field is a translation representation 
of the wave group, i.e., it is a unitary map H 1 xL 2 — > L 2 (R x that intertwines 

wave evolution with translation. Moreover, for the flat wave equation, the radiation 
field can be written in terms of the Radon transform. For X — R 3 , the relationship 
is given by 

K+(^ 0)(s, 9) = ~ (W{8, 9) + d s (sRci,) (s, 9)) , 

4-7T 

where the Radon transform R is given by 

Rf(s,9)= f f(z)da(z). 

J (z,0)=s 

The existence and unitary of the radiation field have been established for many 
other settings in geometric scattering theory, including the settings enumerated 
above. They were first observed by Friedlander |Fri801 IFriOlj in Euclidean and 
asymptotically Euclidean spaces. Sa Barreto |SB051 ISB03I ISB08] proved support 
theorems and unitarity for them on asymptotically hyperbolic and asymptotically 
Euclidean manifolds, while Guillarmou and Sa Barreto [GSBQ8] extended these 
results to asymptotically complex hyperbolic manifolds. Sa Barreto and Wun- 
sch |SBW05j showed that the radiation field is a Fourier integral operator with 
canonical relation given by a "sojourn relation." In a nonlinear context, the au- 
thor and Sa Barreto BSB12] proved a support theorem for the radiation field 
for the semilinear wave equation on R 3 and showed it is norm-preserving, while 
Wang |Wanll] studied the mapping properties of the radiation field for the Ein- 
stein vacuum equations on perturbations of Minkowski space. In recent work, the 
author and Wang BW showed the existence and unitarity of radiation fields on 
the Schwarzschild exterior. 

In Scction[2]we discuss the motivating case of the one-dimensional wave equation. 
In Section [3] we prove a general proposition implying the equipartition of energy. 
In the remaining sections, we summarize known results for the radiation field in 
various contexts and check that they satisfy the conditions of Section [3] 

In what follows, dg denotes the volume form of the relevant metric g. 

2. The one-dimensional wave equation 

In this section we discuss the illuminating example of the radiation field for 
the one-dimensional wave equation and discuss its connection with equipartition of 
energy. 



4 



DEAN BASKIN 



Consider now the one-dimensional wave equation: 

(2) (D 2 ~D 2 x )u = 0, 

(u,d t u) = e C C °°W x C7 C °°(M). 

The solution of equation ([2]) is given by 

u(t, x) = F(x + t) + G(x - t), 

1 1 f s 

F{s) = 2^(r) + - / ^(r)dr, 

1 , , 1 '° 



G(s)= / ^W*. 



Consider now, for 6 §° = { — 1,1} and x = rd, the radiation field associated to 
the initial data (0, -0): 



fc±O,VO(s,0) = lim d s u(s±r,r6) 

r—t-oo 

In particular, we have that 

7e±(0,v)M) : 



F'(s) = qpl 

G'(s) 6> = ±1 



(s)-i^(s) = ±1 
We calculate here the L 2 norm of 1Z± and its relationship to the energy of u: 



\\K±((p, V»)lli»CRxSO) 



i(0'( s ) + ^( S )) 2 + i(0'( S )-^)) 2 

= 5j[(l^)| 2 + |V'(s)| 2 ) ds = E(^) 

It is well-known that the one-dimensional wave equation obeys equipartition of 
energy for compactly supported smooth initial data. Indeed, suppose that both 
4> and tp are smooth and supported in the ball of radius R. Note that F(s) — 
— | J_ R ^{r) dr for s < —R and F(s) = \ J Q 'ifj(r)dr for s > R. Similarly, G(s) is 
constant for |s| > i?. In particular, G'(s) = F'(s) = for \s\ > R. 

i jf (|9 t u(i,x)| 2 - |0 B u(i, a;)| 2 ) dx = ^J (\F'(x + t) - G'(x - t)\ 2 - \F'(x + t) + G'(o 

= -2 I F'(x+t)G'(x-t)dx 
Js, 

For t > R and x E R, we have that either \t + x\ > R or \t — x\ > R and therefore 
one of the two factors in the integral vanishes, so u obeys equipartition of energy. 

In fact, a consequence of the theorem in Section [3] is the asymptotic equipartition 
of energy for the one-dimensional wave equation. (This can also be seen more 
directly by taking limits in H 1 x L 2 above.) 
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3. EQUIPARTITION OF ENERGY 

Suppose now that s is a smooth function of t and x and dehne the kinetic and 
potential parts of the energy for fixed t: 



E K (X,t) = / e K dg, 

Js(t,x)<\ 

E P (X,t) = / epdg. 

Js(t,x)<\ 



>s(t,x)<\ 

We note that the densities E, (t) described in the introduction are given by E, (t) = 
E,(oo,t), for • = K,P. 

The results of this paper all follow from the following elementary proposition. 

Proposition 2. Suppose that u satisfies equation ([IJ onlxX with initial data 
((f>,ip) and there is a function F £ L 2 (R) satisfying the following two conditions: 

(3) lim E K {X,T) = lim E P (X,T) = \ j \F\ 2 ds, 
for all X, and 

(4) / (e K + e P ) dg=\\F\\ 2 L2m . 

Then u exhibits asymptotic equipartition of energy, i.e., 

lim (E K (T)-E P (T))=0. 

T— >oo 

Proof. Fix e > and take Ao such that 



/ Vl 2 dsdy> \\F\\ 2 L2{ 



Condition ((3]) allows us to take T so that Ek(Xq,T) and Ep(Xo,T) are within e 



of i f Ao \F\ 2 for all T > T . 

Let E'(t) = J x {exit) + ep(t)) dg. By conservation of energy, E(t) = E(0) for 
all t. Condition (U) implies that E(t) = WF^ 2 ^ for all We now estimate 

(ejc(t) + e P (t)) - £?(T) - £*(A 0) T) - ^(Aq, T) 

s(T,a)>A 

= II-^IIl^r) - E K (X ,T) - Ep(Xq,T) 
< 3e 

for all T > T Q . Our choice of T implies that \E K (X Q ,T) - E P (Xo, T)\ < 2e for all 
T>T . Putting the two estimates together yields that \E K (T) - E P {T)\ < be for 
all T > Tq, proving the claim. □ 

Remark 1. Observe that the proof of Proposition [2] also implies that such solutions 
exhibit a non-quantitative form of local energy decay. Indeed, if A and To are large 
enough, then J, T x ^ >x (e_ff(i) + ep(t)) dg < 3e. In particular, after waiting long 
enough, solutions decay in a forward light cone. Moreover, the argument shows 
that quantitative decay rates for the function F (i.e., for the radiation field below) 
yield quantitative local energy decay statements. 
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4. Applications 

In this section, we establish conditions (j3|) and (j4|) for radiation fields in various 
geometric settings. In what follows, X is always a compact manifold with boundary 
Y and x is always a boundary defining function, i.e., x — at Y = dX and dx ^ 
at Y. 

4.1. Scattering manifolds. 

Definition 1. A metric g on X is a scattering metric if it is a Riemannian metric 
on the interior of X and, in a collar neighborhood [0, e) x x Yy of the boundary, g 
has the form 

dx 2 h(x,y, dy) 
.9 = — r H 5 j 

where /i(x, y, dy) is a smoothly varying (in x) family of Riemannian metrics on Y. 

Scattering metrics are a class of asymptotically conic metrics introduced by Mel- 
rose |Mel94j . In the case where Y = S"^ 1 and h(0, y, dy) is the round metric on the 
sphere, they are a class of asymptotically Euclidean metric (in this case x = r _1 ). 

Friedlandcr [Fri80j IFriOlj showed that the radiation fields for solutions of the 
wave equation on scattering manifolds exist and are unitary on the orthogonal 
complement of the kernel of the radiation field. Sa Barrcto [SB03 later proved 
a support theorem for the radiation field and showed that Friedlandcr's unitarity 
theorem could be seen as a consequence of work of Hassell and Vasy [HV99] . 

Let u be a solution of equation (JTJ on a scattering manifold and let s±(t,x) = 

1 n — 1 -i 

t =F —. The rescaling v, given by v±{x, s,y) — x ~u(s ± -,x,y) is smooth down 
to x — and the radiation field is defined by 

fc±(<f>,ip)(8,V) = d s v±(0,s,y). 
Consider now, for fixed t, 

E K{\t) = \( \d t u\ 2 dX< ^ = \ I \d s v(x,s{t,x),y)\ 2 dsdh. 

1 Jt-^<\ x 1 Js(t,x)<\ 

The function v is smooth in x and so the integrand converges uniformly to d s v(0, s, y) 
on s < A as t — > oo. The dominated convergence theorem then shows that 
the first part of condition (J3)) holds for smooth compactly supported data with 
F(s) — f Y \lZ+(<f),i/))(s,y)\ dh. The continuity of the radiation field on He shows 
that holds for more general data. A similar calculation shows that the condition 
holds for Ep(X,t) as well. 

Friedlandcr [Fri8Ql IFriOlj showed that the radiation field is a partial isome- 
try in this context, and Sa Barreto[SB0.3| , relying on the results of Hassell and 
Vasv |HV99) . showed that it is in fact an isometry. This shows that condition (0| 
holds on He, proving the theorem in the asymptotically Euclidean case. 

4.2. Asymptotically hyperbolic manifolds. 

Definition 2. (X, g) is asymptotically hyperbolic if ~g = x 2 g is a smooth (up to 
the boundary) Riemannian metric on X and | dx\§ = 1 at the boundary. 

Graham-Lee |GL91j and Joshi-Sa I Sancio .ISISOO showed that such metrics may 
be put into a norma form so that, in a collar neighborhood of the boundary, 

dx 2 + h(x, y, dy) 
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where h is a smoothly varying family of Riemannian metrics on Y. The spectrum 
of the Laplacian for such a metric was studied by Mazzeo |Maz88| IMaz91j and 
by Mazzeo and Melrose M M8 7] and consists of an absolutely continuous spectrum 
er ac (A) and a finite pure point spectrum cr pp (A). The spectrum satisfies 



,(A)c(0,^— ). -,,(Aj 
giving a decomposition 



in -I) 



2 



-, 00 



L 2 (X) = Ll p (X)®Ll c (X). 

If P ac : L 2 (X) Ll c (X) is the orthogonal projector, we let E ac (X) = V a c{H E )- 

We define the operator H = A g — ' so that the bottom of the continuous 
spectrum moves to 0. With this choice of H , the conserved energy is given by 

E(t) = \f x (\d t u\ 2 + N g u\ 2 - M 2 ) dg, 

and the energy densities are given by 

sk = ^ \d t u\ 2 , 

1 f lv7 , a (r>-l) 2 , l2 



EP = 2 U VffU ' 4 ' W 

The conserved energy is positive definite if u is in the image of V ac . 

Sa Barreto[SB05 showed the existence and unitarity of the radiation field for 
initial data in E ac . Indeed, let s — t^flogx and, for a solution u of equation ([1]) (with 

H = A g — 4 ) on an asymptotically hyperbolic manifold, define the functions 
v±(x,s,y) = x~ n/2 u(sT\ogx,x,y). 

Sa Barreto showed that for compactly supported smooth initial data v is smooth 
to x = 0. As before, the radiation field is given in terms of v: 

K+(<l>,i>)(s,y) = d s v(0,s,y). 

A similar computation to the one in section POl shows that condition © is satisfied, 
again with F(s) = J Y \lZ+(s, y)\ 2 dh. The unitarity of the radiation field on E ac 
shows that condition ((4} is satisfied as well, showing that equipartition of energy 
holds for initial data in E ac . 

One reason for projecting off of the pure point spectrum is that the eigenfunctions 
here do not radiate any energy to null infinity. Moreover, they correspond to zero- 
energy (and in fact exponentially growing/decaying) solutions with respect to the 
energy form above. 



4.3. Asymptotically complex hyperbolic manifolds. Guillarmou and Sa Bar- 
reto [GSB08] showed the existence and unitarity of the radiation field on asymp- 
totically complex hyperbolic manifolds. We refer the reader to their paper for 
the relevant definition of asymptotically complex hyperbolic manifolds. As with 
asymptotically real hyperbolic manifolds, the spectrum splits into an absolutely 
continuous part and a pure point part consisting of finitely many eigenvalues. The 
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radiation field for equation ([T]) with H = A g — ^ is well denned and unitary on 
E ac . The conserved energy is given by 

E{t) = \j x (l^l 2 + l v ^l 2 -x |u|2 ) d9 > 

and computations identical to those in section I4T21 show that equipartition of energy 
holds in this setting. 

4.4. The Schwarzschild spacetime. Recent work by the author and Wang BW 
establishes the existence and unitarity of the radiation fields on the Schwarzschild 
black hole background. Topologically, the Schwarzschild spacetime is diffeomorphic 
to M. t x (2M, oo) r x S 2 and is endowed with a Lorentzian metric 

The spatial part of the spacetime has two ends corresponding to infinity (r = oo) 
and to the event horizon of the black hole (r = 2M). The author and Wang define 
the radiation field to consist of two functions: the restriction of the solution u to 
the event horizon and the rescaled restriction of the solution to null infinity and in 
the process use the pointwise decay of solutions of the wave equation to show that 
it is unitary. 

One key feature of the Schwarzschild spacetime is that it is static, i.e., <9 t is a 
Killing vector field that is orthogonal to the constant t hypersurfaces. This implies 
that there is a conserved energy and that it splits into kinetic and potential parts. 

As d t is a Killing vector field for r > 2M, the conserved energy is given by 

m = ^LiL{( i ~^y 1 iftu|2 + ( x ■ ]9ru]2 + ^ 1 v " u|2 ) r2 dL ° ^ 

and so the kinetic and potential energy densities are given by 

1 / 2AA- 1 a 
e K = 2\ 1 ~~) |9tu| ' 

1 / 2M\ 2 1 a 
e P = - j \ d M +^I V "I • 

Near the event horizon, in coordinates (p = r — 2M,r = t + r + 2Mlog(r — 2M)), 
the solution is smooth down to p = and one half of the radiation field is defined 
to be 

f~H = 2Md T u\ p = . 

Near null infinity, in coordinates (p = r^ 1 , r = t — r — 2M log(r — 2M)), the solution 
is again smooth down to p = and the other half of the radiation field is defined 
to be 

fx = d T {p^ 1 u)\ p= Q. 

For finite-energy (with respect to the energy form above) initial data, the radiation 
field is unitary, i.e., 

E(0) = \\fn\\ L 2 (UxS 2 ) + H/zIIl 2 (Bx§ 2 ) ■ 

Proposition[2]thcn implies that finite-energy solutions on the Schwarzschild exterior 
exhibit equipartition of energy (on the constant t hypersurfaces) . 
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4.5. The energy-critical semilinear wave equation on K 3 . In recent work 
BSB12] of the first author and Sa Barreto define a nonlinear radiation field for 
the energy-critical semilinear wave equation on K 3 . Indeed, consider the following 
semilinear wave equation on M 3 : 

(5) <9 2 - Au+ \u\ 4 u = 0, 

(u,d t u)\ t =o = O,i/0- 

The energy densities are given by 

e P = \ |Vm| 2 + ^ |m| 2 , 
&k = - \d t u\ 2 , 

and the total energy 




is conserved. 

Grillakis jGri90j proved global existence and regularity for solutions of this equa- 
tion with compactly supported smooth initial data, while Shatah and Struwe [SS94 
later extended the global well-posedness result to initial data in H 1 x L 2 . Bahouri 
and Shatah [BS98 showed that the nonlinear (it 6 ) term in the energy tends to 
as t — > oo. Bahouri and Gerard [BG99] extended this result to show that solutions 
also exhibit scattering in the energy space. 

The nonlinear radiation field £+ (cf>, ip) associated to initial data (cf>, ip) with finite 
energy is given just as in the linear case. In particular, if u solves equation ([5]) then 
the limit 

C + ((/), ip)(s, 9) — lim d s u(s + r,r9) 

r—>oo 

exists because u S L 5 ([0, oo), L 10 (R 3 )). Moreover, the map (</>, VO ^ is 
norm-preserving in the sense that 

i i i r 

l|£+0, VOIli^Rxs^ = 2 II v ^IIl2(r3) + 2 II^Hl 2 (r 3 ) + 6 J 3 1^' 6 ■ 

The injectivity of the map (4>,ip) i-> ip), together with the definition of 

£+(4>,ip), shows that the radiation field satisfies properties ([3]) and (jlj. We may 
thus conclude that the semilinear wave equation exhibits asymptotic equipartition 
of energy. Moreover, together with the Bahouri and Shatah [BS98 result, we con- 
clude that the critical semilinear wave exhibits asymptotic equipartition of energy 
in a more traditional sense, i.e., 

lim / (\d t u(T)\ 2 ~\\7u{T)\ 2 ) dz = 0. 

This provides an alternative proof of a result similar to the integrated equipartition 
result of Vega-Visciglia |VV08j . 
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